Decomposition Theorem for State Property Systems 



Diederik Aerts, Didier Deses and Bart D'Hooghe 
Center Leo Apostel for Interdiscíplinary Studies ( CLEA ) 

and Foundations of the Exact Sciences (FUND) 
Department of Mathematics, Vrije Universiteit Brussel 
1160 Brussels, Belgium 
l/"") \ E-Mails: diraerts@vub.ac.be, diddesen@vub.ac.be 

^ ■ bdhooghe@vub.ac.be 

& ■ 

Abstract 

We prové a decomposition theorem for orthocomplemented state property systems. 
QO \ More specifically we prové that an orthocomplemented state property system is iso- 

morphic to the direct union of the non classical components of this state property 
system over the state space of the classical state property system of this state prop- 
■ erty system. 

OO 

^ ■ 1 Introduction 

O ' 

The notion of state property system was introduced as the mathematical object that 
represents the set of states and the set of properties of a physical entity following the 
axiomàtic approach to quantum mechanics as developed in Geneva and Brussels EJ El 

EH3IE]. 



Definition 1 (state property system) A state property system is a triple (£,£, k) 
where S is a set, £ is a complete lattice, and k : £ — > VÇS) is a functíon, such that 

k{0) = k(1) = £ (1) 

! k{Aí(Ií) = DiK(ai) (2) 

a < b O k(o) C k(ò) (3) 

The state property system describes a physical entity, where £ represents the set of states 
of the physical entity, £ the set of properties, and k the Cartan map, such that p G n(a) 
expresses the following fundamental physical situation: "The property a G C is 'actual' if 
the physical entity is in state p G E" . 

To capture orthogonality and orthocomplementation in this approach we introduced 
the notion of ortho state property system, and the notions of ortho couple and ortho 
property j^]. Instead of considering the two ortho axioms in |Hj we introduce directly an 
axiom OrthoCom that substitutes for these two axioms. 

Axiom 1 (OrthoCom) The state property system (S,£,íí) satisfies the axiom Ortho- 
Com if the lattice £ of properties of the physical entity under study is orthocomplemented. 
This means that there exists a function : £ — > £ such that for a,b G £ we have: 

(« ± ) ± = a (4) 
a < b b ± < a ± (5) 

a A a X = and a V a L = I (6) 



1 



For p, q, G £ we say í/ioí p X q iff there exists a G £ such that p G /t(a) anci ç G «(a -1 -). 

Addítionally to the orthocomplementation of the lattice of properties we demanà that 
for a G £ we have: 

{q \ q G E,q _L p Vp G «(a)} = «(a)" 1 C «(cr 1 ) (7) 
/or axiom OrthoCom to òe satisfied (remark that K^a^) C «(a) -1 " is always satisfied). 
We deíine the notions of classical property and classical state as introduced in |1U1 lllj . 

Definition 2 (Classical Property and State) Suppose that (£,£, k) is the state prop- 
erty system representíng a physical entity, satísfying the axiom OrthoCom. We say that 
a property a G £ is a classical property if for p G S we have 

p G k(ü) or p G n(a ± ) (8) 

The set of all classical properties we denote by C. For p G S introduce 

u(p) /\ o (9) 

p£ft(a),aeC 

K c (a) = {w(p) | p G k(o)} (10) 

anc? caZZ w(p) í/te classical state of the physical entity whenever ít is in a state p G X, and 
k c í/ie classical Cartan map. The set of all classical states is denoted by fi. 

2 Classical State Property System 

In this section we prové that the set of classical states fi and classical properties C with 
the classical Cartan map k c of a state property system (£, £, /t) form a state property 
system (fi, C, k c ), which we call the classical state property system of the state property 
system (S, £, k). 

Proposition 1 (fi,C, k c ) is a state property system satisfyíng the axiom OrthoCom. 
Moreover, each classical state u(p) is an atom of the lattice C, which is an atomistic 
lattice, and for two classical states u>(p),u>(q) G fi we have: 

w(p) ^ u(q) => u(p) JL u{q) (11) 

Proof: (i) Consider a% G C, and peS such that p g" k(Aíüí) = C\iK(ai). Then there is aj 
such that p K,(aj). Since aj G C we have p G «(a^). Hence p G «(ViOt^) = «((AjCij)- 1 -). 
This proves that AjOj G C. Take now q G S such that g g" ít(Vjaj). Then o k(oí) Vi. But 
as a consequence we have q G n{af) Vi, since aj G C Vi. Hence q G n^a^) = n{/\iaf) = 
K'((Vi a i)~ L· )· This proves that V^aj G C. Obviously and ï are minimal and maximal 
element of C. So, we have proven that C is a complete lattice. 

(ii) k c is a function from £ to "P(fi). We have k c (0) = and k c (Ï) = fi, which proves 
(PQ). Consider 04 G C. We have k c (Aíüí) = {io(p) \ p G k(Aíüí)} = {uj(p) \ p G C\iK(ai)} = 
r\i{u)(p) | p G /«(«i)} = rii/í c (ai). This proves 0. Consider a,b G £ such that a < b. 
Suppose that w(p) G K c (a), then we have p G re(o) and hence p G k(6). As a consequence 
uj(p) G K c (b). This proves that K c (a) C k c (o)- Suppose now that a, b G C such that 
K c (a) C K c (b). Consider p G £ such that p G k(o). This means that w(p) G n c (a) and 
hence ct>(p) G K c (b). As a consequence we have p G k(6). Hence k(cl) C k(ò) which implies 
that a < b. So we have proven that k c satisfies ©• 
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(iii) It is easy to check that _L introduces an orthocomplementation on C. Before 
proving we first prové Consider two classical states tv(j>) and uj(q) that are 

different. Since to{p) = A peK ( a ) aeC o and u>(q) = /\ q ^ K ( a ),aeC a ^ this means that {a \a G 
C,p G /í(a)} 7^ {a |a G C,q G /-c(a)}. Hence there are two possibilities, (i) there exists an 
element a G C such that p G k(o) and q G" n(a), or, (ii) there exists an element b G C, such 
that p €" k(ò) and g G k(ò). This implies that (i) there exist a G C such that p G n{a) and 
ç G /«(a -1 "), or (ii) there exists b G C such that p G nfi- 1 ) and g G As a consequence 

we have p -L q. Moreover this also implies that (i) u>(p) G K c (a) and u>(q) G ft c (a ), or (ii) 
io(p) G ft c (fe ) and u(q) G k c (ò). Hence u>(p) _L w(g), which proves (fTT|) . 

Consider w(g) G K c (a)" L for a G C. This means that for an arbitrary w(p) G K c (a) 
we have u;((/) _L tv(p). Hence for an arbitrary p G /t(a) we have q -L p. This means that 
q G ^(a)- 1 " = ^(a- 1 -). Hence u>(q) G K c (a ). As a consequence we have Kc(a) 1 - C K c (a ), 
which proves (J7J). 

Let us prové now that each classical state is an atom of the lattice C. Consider ui{p) G fl, 
and o G C such that Ò < a < uj(p) and / a. Since Ò / a there exists q G S such that 
ç G /t(a), an hence uj{q) < a. This means that uj(q) < u>(p). Suppose that oj{q) ^ uj(p), 
then oj(p) _L u>(q), hence u>(q) < u>(p)~ L ■ Together with u>(q) < u>(p) this leads to a 
contradiction, namely co(q) G ui(p) A wfp) -1 " = 0, which proves that to(p) = u>(q). Hence 
a = ui(p), which proves that w(p) is an atom of C. Consider a G C such that o ^ Ò. 
We have \Z w ( p )<ca UJ (p) < a. Consider q G E such that q G n(a), then w(g) < o. This 
means that co(q) < \Z U j(p)<a LL! (p)^ an d as a consequence k(cj(q)) C /í(V w ( p ) <a u;(p)). We 
have q G /í(u;(g)) and hence q G /t(V w ( p ) <a u;(p)). This means that we have proven that 
n(a) C K(V w ( p ) <(I ti)(p)), from which follows that a < \/ U j(p)<a ÜJ {p)· As a consequence 
o = V a; (p) <a Lü'(p), which proves that C is an atomistic lattice. □ 

Definition 3 (Classical State Property System) We call (Í2,C, k c ) the classical state 
property system corresponding with (£,£,k). 

It is possible to prové much more than what we did in proposition ^ namely that the 
classical state property system (í2,C,/í c ) is isomorphic to the canonical state property 
system (O, V(Q), Id). 

Theorem 1 k c : C — > V(íï) is an isomorphism. 

Proof: From (J3J) follows that k c is an injective function. Consider a G C and K c (a J -). 
We know that K, c {a^~) = K c (a) _L . But, since two classical states are orthogonal from 
the moment they are different, we have /t c (a) _L = K c {a) which is the set theoretical 
complement of K c (a) in Í2. Hence K c {a^~) = K c (a) c . Let us prové that k c is a surjective 
function. Take an arbitrary element A G V{Q). Consider the property 

a= f\ uip) 1 (12) 

n c (üj(p))cA c 

We have 

K c (a) = k c ( f\ u J (p) L· )= f) K c (iü(p) ± )= f) K c (u(p)f (13) 

K c (uj(p))cA c k, c (lü(p))cA c k c (uj(p))cA c 

= ( |J k c (uj(p))) c = (A°) c = A (14) 

K c (üj(p))CA C 

□ 
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3 Decomposition of a State Property System 



Before we prové the decomposition theorem that we announced we need to prové some 
speciflc features of classical properties. 

Lemma 1 For x G C and a G C we have 

x = (lAa)V(iAa 1 ) (15) 
k(x) = k(x A a) U k(x A a" 1 ) (16) 

Proof: Since x A a < x and x Aa ± < x we have (x A a) V (x A a 1 ) < x. Since a G C we have 
n{a^-) = n(a) , and hence /-c(a) U k(o ) = S. This gives re(x) = k(x) n (t(a) U «(a -1 -)) = 
(k(x) n /í(a)) U (k(x) fi «(a )) = /t(x A a) U k(x A a ) C /í((x Aa) V(iA " ))■ This proves 
(dà and (EÈJ). 

Lemma 2 For x,y £ £ and a G C sï/c/í í/iaí x < a and y < we have 

(x V y) 1 - = (x 1 A a) V (y 1 A a 1 ) (17) 
(xVy)Aa = x (18) 

Proof: We have a 1 - < x 1 - and a < y . From this follows that y^Aa^ < x 1 - and ï 1 Aa < y^~. 
This implies that x ± A y A a = y 1 - A a 1 - and x 1 - A y A a = x ± A a. Since o G C we 
have i-'-Ay 1 = (x L A y L A a) V (x 1 Ay 1 A a 1 ). So i 1 Ai/ 1 = (x 1 Aa) V (y L A a L ). 
Hence x V y = (x V a 1 ) A (y V a). But then (x V y) A a = (x V a 1 ) A a. We know that 
X -1 " = (x 1 - Aa) V (x 1 - Aa 1 ) = (x 1 - A a) V a 1 . Hence i = (ïVa i )Aa. This proves that 
(x V y) A a = x. □ 

Lemma 3 For x, x» G £ and a £ C we have 

aA{y i x i ) = y i {aAx l ) (19) 
a=(aAi)V(aAi i ) (20) 

Proof: We have a A (VjXj) = a A (Vj((x, A a) V (xj A a- 1 )) = a A (Vj(xj A a) V Vj(xj A a" 1 )) = 
Vi(xj Aa). We have a = aA(xVx J -). From {TÏÏJ) follows that aA(xVx J -) = (aAi)V(aAx 1 ), 
which proves (|20|) . □ 



Lemma 4 For a G C we have 

a = \J(aAuj) (21) 
K (a) = |J k(qAuj) (22) 

a Aw 1 a Aw' and n(a Au) f] n{a A uj') = for uj ^ uj (23) 

Proof: We have that a A uj < a Vcj G íí, hence k(ü A uj) C /t(a) V w G O, and as a 
consequence U^ e o/í(aAu) C n(a). Considerp G ft(a). We havep G /í(u;(p)), and hence p G 
/í(a)n/t(a;(p)) = n(aAui(p)) C U ue [jíí(aAw). So we have shown that /í(a) C U^gn^Aw). 
This proves (|2*2*|) . namely n{a) = U we íjít(a A lu). We have that a A uj < a Vw G íí, hence 
V we n(a Au;) < a. Consider p G /t(a). We have p G U (JJg oít(a A uj) C t(VWn(a A lu)). So we 
have shown that n(a) C ft(V we n(a Aw)). From this follows that a < V wg í7(a A uj), which 
proves (f2*T|) . namely a = V wg n(a A u>). Consider ui ^ uj' , then we have uj < u>' L . As a 
consequence a A uj < ui' 1 - < a 1 - V üj /_l = (a A uj')- 1 -, which proves that aAwlaAw'. From 
this follows that K,(a A uj) PI /t(a A uj') = 0. 

□ 



4 



Corollary 1 We have 

E = U k(u>) (24) 

with 

k{uj) n k(oj') = for üj^J (25) 
Lemma 5 Consider such that ü w < w V w 6 0. We have 

«( V = U K ( a ^) ( 26 ) 

«(au) fi k(ív) = for lo ^ J (27) 

Proof: We have k(V ^na^) = U u 'eSïK((yu£Sl<kj) A u/). From (JTHJ) follows that (VWqci^) A 
a/ = a w /. Hence ^(V^gnaa;) = U^gjjítía^). This proves (|2fí|) . □ 

Let us now investigate the nonclassical parts of the state property system (S, £, k). 

Definition 4 (Nonclassical Part) Suppose that (E, £, k) is the state property system of 
a physical entity satisfying the axiom OrthoCom. For lo G fl we introduce 

Cu = {a \a < 0J,a G £} (28) 

E^ = { P \pe^üü), P e^} (29) 

Kw{a) = K (o) for a G £ w (30) 

ariíf /or a G we define 

a ± "=a ± AüJ (31) 
and we call (E w , £ w , k^,) í/ie nonclassical components o/(E,£, k) corresponding to u. 

Proposition 2 For w G ü /iaue í/jaí (E^, C^, k^) is a state property system that 
satisfies the axiom OrthoCom. 

Proof: It is easy to prové that C w is a complete lattice with minimal element Ò and maximal 
element lo. For cij G C u we have /^(O) = and «^(u;) = E w , and K w (Ajaj) = k(Aíüí) = 
r\in(ai) = rij/í w (aj), which proves that k w satisfies Q and ©. Consider a, b G then 
we have a < b <3> k(o) C k(í>) ^ «^(a) C Ku(b), which proves ©• 

Let us prové that (|31|) defines an orthocomplementation for which the axiom Or- 
thoCom is satisfied for C w . We have (a^)^ = (a^ A cj) -1 " = (a 1 - A u)- 1 - A üj = 
((a^) -1 - V lo- 1 ) A w = (a V a; ) Au = «. This proves (jlj). Consider a,b £ such that 
a < b. We have ò -1 -" =J 1 Au<o 1 Atij = a^" . This proves © • For a G £<j we have 
a A a ±tJ = nAa i Aw = Ò. Further a V a ±a) = a V (a 1 - A cj). Following (fTüjl we have 
a V (a Aw) = (aV a -1 -) A w = u, which proves (JüJ). 

For p, q G E w we have p _L W g iff there exists a € C u such that p G ^(a) and 
<7 G K ü ,(cr L< "). This means that p G re(a) and g G n(a ) A a>, and hence p ^ q. Suppose 
that p, ç G E w such that p !_ g. This means that there exists a G £ such that p G k(o) and 
g G fc(a ). Since p, q G k(u;) we have that p G n{a Au) = K u (aA üj) and q G fí(ct Aw) = 
Ku{a L A w). We have (a A o;) 1 " = (oA u)- 1 - A cj = (or 1 - V uo L ) Alo = (a 1 - A w). This shows 
that p _L W We have proven that for £ E u we have p -L^ g ^ p _L g. For a G £ w 
we have re a ,(a)- L '" = k(o)- 1 - flS u C ^(a^) n «(ai) = K,(a x Au) = «(a- Lt ") = « aJ (cr L '*'). This 
proves (0). □ 

To see in more detail in which way the classical and nonclassical parts are structured 
within the lattice C, we need to introduce some additional structures. 
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Definition 5 (Direct Union of State Property Systems) Consider a set of state prop- 
erty systems (S w , £ w , K&) that all satísfy the axiom OrthoCom. The direct union ©aj(£ü,, £ w , k u 
of these state property systems is the state property system (U^E^, © ^jC^, © ^/-t^), where 
(i) is the disjoint union of the sets E^ 

(ü) © wC-u) is the direct union of the lattices £ w , which means the set of sequences a = 
(duju, such that 

(aw)w < (&w)w ^ «qj < buj Vw € (32) 
(flu)w A (6^ = (a w A 6 W ) W (33) 
(aw)w V (6o,) w = (a w V b^u (34) 
= (35) 

(Ui) ©oAoj is defined as follows: 

(<V )u/ ) = Uo; k w (a w ) (36) 

Remark that if £ w are complete orthocomplemented lattices, then also ® is a 

complete orthocomplemented lattice. A fundamental decomposition theorem can now be 
proven. 

Theorem 2 (Decomposition Theorem) Consider the state property system ÇE,£,k), 
and suppose that the axiom OrthoCom is satisfied. Then 

(£,£,«) = &<jen{ïïu,C u ,Ku) (37) 

where O is the set of classical states of (E,£, /c), E^ is the set of states, the cor- 
responding Cartan map, and £ w the lattice of properties of the nonclassical component 
(E^, £ LJ , k^). 

Proof: We use the notion of morphism of state property systems as introduced in [2], 
and need to prové that there exists an ismomorphism of state property systems between 
(£,£,k) and © ^eo^E^, C w , kJ). More concretely, consider two state property systems 
(£,£,/«) and (£',£',«'). We say that (m,n) : (E', £',«') — > (E,£, re) is a morphism, if m 
is a function: 

m : E' -» £ (38) 

and n is a function 

n : £ ^ £' (39) 
such that for a £ £ and p' G E' the following holds: 

w-(p') G «(a) ^f>' G «'(n(a)) (40) 

We say that (m, n) is an isomorphism if (m, n) is a morphism and m and n are bijective. 
The set of states of the state property system @ ^^(E^, £ LJ , k^) is given by the disjoint 
union U^g^E^ of sets of states S w of the nonclassical component state property systems 
(E w , C u , Kw) of the state property system (E, £, /t). From ((2*1]) follows that m can be 
defined in the following way: 

m : E -> U weí7 E^ (41) 
p ^ p (42) 
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The function n is defined in the following way: 

n : ©ü,ecA^ -» £ (43) 
(flw)u V weíí a w (44) 

The function m is a bijection by definition. Consider (a u ) u , (b u ) u G ©ueííAj and suppose 
that n((a w ) w ) = n((6 w ) w ), hence V weS ]^ = V we n& w . Then (V^gna^) Aw'= (V weí ^) A 
u' V u' G íl. From (fTH|) follows that (V^g^a^) Au' = a w ' and (V^g^ò^) Aw' = Hence 
a oj' = &a/ V u' £ íl. As a consequence we have (a w ) u = (b u ) u . This proves that n is 
injective. Let us prové that n is surjective. Consider an arbitrary element a G £. From 
(dj) it follows that a = V we n(a A u). Consider the element (a A a;) w G ©^enA^- Then 
n((a A u) w ) = a which proves that n is surjective. 

Hence we have proven that m as well as n are bijections. Let us show that we have a 
morphism. We need to prové (|4UI) . hence: 

m(p) G ®w«u;((£v)w') «pe «(n((Oa,/) w ')) ( 45 ) 

We have m(p) = p. Let us calculate © w «w((aw')w') = U^gQ^a^) = U we nK(aa,). On the 
other hand we have K{n{[a w i) w i)) = K(V we íía w ), and following l|26j). we have «(V^g^Ou;) = 
U w gr2/í(a a ;)· This means that 1)45(1 is satisfied, and hence (m, n) is an isomorphism of state 
property systems. 

Let us prové additionally that (m, n) also preserves the orthocomplementation struc- 
ture of (E, £, /{) such that it is not only an isomorphism of state property systems, 
but also an isomorphism for the orthocomplementation structure. We have «((a^)^) = 
n (( a Í"%) = V we noÍ u = V w eíï(a^ Au). We also have n^a^)^ = (V^sja^) 1 . To prové 
that n((au)u) = n (( a w)uj)" L and hence (m,n) is a morphism that also conserves the ortho- 
complementation, we need to prové that (V u>& na LJ ) ± = V a; gn(a^ Au), which follows from 

(HI). □ 



4 Conclusion 

We have shown how an orthocomplemented state property system can be decomposed into 
a direct union of its non classical components over the state space of the classical state 
property system defined by the classical properties of this state property system. The 
decomposition theorem telis us the specific way in which classical properties and states 
can be separated from the non classical components of the state property system of a 
physical entity and the prominent role played by the orthocomplementation on the lattice 
of properties. 
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